Abstract. Let k be a quadratic field. We give an explicit formula for the Dirichlet series K |Disc(K)| −s , where the sum is over isomorphism classes of all cubic fields whose quadratic resolvent field is isomorphic to k.
Introduction
A classical problem in algebraic number theory is that of enumerating number fields by discriminant. Let N ± d (X) denote the number of isomorphism classes of number fields K with deg(K) = d and 0 < ±Disc(K) < X. The quantity N ± d (X) has seen a great deal of study; see (for example) [10, 7, 23] for surveys of classical and more recent work.
It is widely believed that N ± d (X) = C ± d X + o(X) for all d ≥ 2. For d = 2 this is classical, and the case d = 3 was proved in 1971 work of Davenport and Heilbronn [13] . The cases d = 4 and d = 5 were proved much more recently by Bhargava [5, 8] . In addition, Bhargava in [6] also conjectured a value of the constants C Related questions have also seen recent attention. For example, Belabas [2] developed and implemented a fast algorithm to compute large tables of cubic fields, which has proved essential for subsequent numerical computations (including one to be carried out in this paper!) Based on Belabas's data, Roberts [19] conjectured the existence of a secondary term of order X 5/6 in N ± 3 (X) and this was proved (independently, and using different methods) by Bhargava, Shankar, and Tsimerman [9] , and by Taniguchi and the second author [20] . Further details and references can be found in the survey papers above.
In the present paper we study cubic fields from a different angle. In 1954 Cohn [12] studied cyclic cubic fields and proved that 1 + 2 p 2s .
To formulate a related question for noncyclic fields, fix a fundamental discriminant D. Given a noncyclic cubic field K, its Galois closure K has Galois group S 3 and hence contains a unique quadratic subfield k, called the quadratic resolvent. For a fixed D, let F(Q( √ D)) be the set of all cubic fields K whose quadratic resolvent field is Q( √ D). For any K ∈ F(Q( √ D)) we have 1 Definition 2.1. Let E be a cubic field. For a prime number p we set
if p is totally split in E , 0 otherwise.
Remarks 2.2.
(1) We have ω E (p) = χ(σ p ), where χ is the character of the standard representation of S 3 , and σ p is the Frobenius element of E at p. 
with D fundamental we denote by F(K 2 ) the set of cubic fields with resolvent field equal to K 2 , or equivalently, with discriminant of the form Df 2 . (5) With a slight abuse of notation, we let
Remark. Scholz's theorem tells us that for D < 0 we have 0 ≤ rk 3 (D)−rk 3 (D * ) ≤ 1 (or equivalently that for D > 0 we have 0 ≤ rk 3 (D * )−rk 3 (D) ≤ 1), and gives also a necessary and sufficient condition for rk 3 (D) = rk 3 (D * ) in terms of the fundamental unit of the real field. Definition 2.4. As in the introduction, for any fundamental discriminant D we define the Dirichlet series
Our main theorem is as follows: was proved by Morra and the first author [11] . The paper [11] also proves (2.2) when D < 0 and 3 ∤ h(D), in which case L 3 (D) = ∅. In her thesis [15] , Morra also proves some special cases of an analogue of (2.2) for cubic extensions of imaginary quadratic fields. Finally, one additional case of (2.2) was proved in [22] , with an application to Shintani zeta functions.
Preliminaries
We briefly summarize the work of [11] , and introduce some further notation which will be needed in the proof. We assume from now on that D = 1, −3; these cases are similar but simpler, and are already handled in [11, 15] (and the case D = 1 in [12] ).
Suppose that K/Q is a cubic field of discriminant Dn 2 , where D ∈ {1, −3} is a fundamental discriminant, and let N be the Galois closure of
, and Kummer theory implies that
where τ, τ 2 , τ τ 2 fix √ D, √ −3, √ −3D respectively. The starting point of [11] is a correspondence between such fields K and such elements α. In particular, isomorphism classes of such K are in bijection with equivalence classes of elements 1 = α ∈ L × /(L × ) 3 , with α identified with its inverse, such that ατ
We express this by writing (as in [11, Definition 2.3 
is defined by T = {τ + 1, τ 2 + 1}, and the notation [T ] means that α is annihilated by T .
To go further, we introduce the following definition:
Definition 3.1. Let k be a number field and ℓ be a prime.
(1) We say that an element α ∈ k * is an ℓ-virtual unit if αZ k = q ℓ for some ideal q of k, or equivalently, if v p (α) ≡ 0 (mod ℓ) for all prime ideals p, and we denote by V ℓ (k) the group of ℓ-virtual units.
Using this definition, it is immediate to see that the bijection described above induces a bijection between fields K as above, and triples (a 0 , a 1 , u) (up to equivalence with the triple (a 1 , a 0 , 1/u)), satisfying the following:
(1) a 0 and a 1 are coprime integral squarefree ideals of L such that a 0 a 2 1 ∈ (I/I 3 )[T ] (where I is the group of fractional ideals of L), and
, we can write uniquely α = a 0 a 2 1 q 3 with a 0 and a 1 coprime integral squarefree ideals, and since α ∈ (L × /(L × ) 3 )[T ] and the ideal class of a 0 a 2 1 is equal to that of q −3 , the conditions on the ideals are satisfied. Conversely, given a triple as above,
It is easy to see that
, and the Dirichlet series for Φ D (s) consists of a sum involving the norms of ideals a 0 and a 1 satisfying the conditions above. The condition a 0 a 2 1 ∈ Cl(L) 3 may be detected by summing over characters of Cl(L)/Cl(L) 3 , suggesting that cubic fields K can be counted in terms of unramified abelian cubic extensions of L.
Due to the 3-adic complications, the formula (Theorem 6.1 of [11] ) in fact involves a sum over characters of the group
More precisely, in the case considered here where the base field is Q, Theorem 6.1 of [11] specializes to the following (see also [15] ) 1 :
,
where if we write pZ L = cτ (c) (with c not necessarily prime), we set 2 for p = 3:
and for p = 3:
Proof. We briefly explain how this follows from Theorem 6.1 of [11] . Warning: in the present proof we use the notation of [11] which conflicts somewhat with that of the present paper. All the definition, proposition, and theorem numbers are those of [11] .
•
1 Note that we slightly changed the definition of F (b, χ, s) given in [11] when b = (1) and 3 | D. 2 Note that this fixes a small mistake in the statement of Theorem 6.1 of [11] , where the condition is described as
The conditions are equivalent whenever p is a cube modulo b; if b = (3 √ −3) and p ≡ ±1 (mod 9), then p and pτ ′ (p) are not cubes in Cl b (L) for τ ′ ∈ {τ, τ2}, and so the class of p is not in G b .
• By Definition 3.6 we have
, where δ is the Kronecker symbol, hence 3 r(U ) = 3/c D with the notation of our theorem.
respectively. Note that we use the convention of Definition 4.1, so that ⌈N (b)⌉ can be the square root of an integer.
• By Definition 4. • By Definition 4.
) respectively. (In the above we put * whenever 3 ∤ D and b = ( √ −3) since this case is impossible.) The theorem now follows immediately from Theorem 6.1 of [11] .
For future reference, note the following lemma whose trivial proof is left to the reader: To proceed further, we need to compute the size of the groups G b and to reinterpret the conditions involving χ as conditions involving the cubic field associated to each pair (χ, χ).
In what follows we write
where τ and τ ′ are the nontrivial elements of Gal(Q(
, and we regard τ as an automorphism of both L and of Q( √ D * ) (and τ ′ is the restriction of τ 2 , but we prefer calling it τ ′ ).
Proposition 3.4. We have
where
, and 3 ∤ D;
• a = 9 if b = (3 √ −3) and 3|D.
Remarks 3.5.
(1) Later we will associate a cubic field of discriminant −D/3, −3D, or −27D to each pair of conjugate nontrivial characters of G b . Propositions 3.4 and 3.6 will show that we obtain all such fields in this manner. (2) Propositions 3.4, 3.6, and 3.8 imply equalities among |H (3 n ) | for different values of n. In particular, |H (3 n ) | = |H (9) | for n > 2, and if 3|D then
. This case may be handled with the others, but for clarity we describe it first. By arguments familiar in the proof of the Scholz reflection principle (see, e.g. [24] , p. 191) we have 
as desired (note that since τ also acts nontrivially we have in fact 
respectively. We write down the ray class group exact sequence
where Z a ′ F is the subgroup of units congruent to 1 modulo a ′ . We take 3-Sylow subgroups and take negative eigenspaces for the action of τ (i.e., write each 3-Sylow subgroup A as A + ⊕ A − , where A ± := {x ∈ A : τ (x) = x ±1 }, and take A − ); these operations preserve exactness. If A is the 3-Sylow subgroup of Cl a ′ (F ), then H a ′ is isomorphic to (A/A 3 ) − ≃ A − /(A − ) 3 .
For b = (1) or (3), this finishes the proof. For b = ( √ −3), the 3-part of (Z F /p) × is trivial; hence, the 3-Sylow subgroups of Cl(F ) and Cl p (F ) are isomorphic, so H p ≃ H (1) .
For b = (3 √ −3), the 3-Sylow subgroup of (Z F /p 3 ) × is larger than that of (Z F /3) × by a factor of 3; however, the same is true of the positive eigenspace and hence not of the negative eigenspace. Therefore H p 3 ≃ H (3) .
We now state a well-known formula for counting cubic fields in terms of ray class groups. 
Proof. This is a combination of (1.3) and Lemma 1.10 of Nakagawa [16] , and it is also a fairly standard fact from class field theory. The idea is that cubic extensions of Q( √ D * ) whose conductor divides (c) correspond to subgroups of Cl (c) (D * ) of index 3, and that such a cubic extension descends to a cubic extension of Q if and only if it is in the kernel of 1 + τ .
We also have the following counting result, which relies on the deeper part of the work of Nakagawa [16] and Ohno [17] . Proof. The formulas for |L D * | follow from class field theory, as these count unramified cyclic cubic extensions of Q( √ −3D), which are in bijection with subgroups of Cl(−3D) of index 3. It therefore suffices to prove the stated formulas for |L 3 (D)|, and these follow from work of Nakagawa [16] .
Recalling the notation in Proof. The proof that v 3 (Disc(K)) can take only the given values is classical; see Hasse [14] . The proportions follow from the proof of the Davenport-Heilbronn theorem. A convenient reference is Section 6.2 of [20] , where a table of these proportions is given in the context of "local specifications"; these proportions also appear (in slightly less explicit form) in the earlier related literature.
Before proceeding to the proof of Theorem 2.5 we give the following application:
Proposition 3.9. Proof. The first statements are special cases of Proposition 3.7, the behavior of 3 when 3 ∤ D is classical (see [14] ), and when D ≡ 3 (mod 9) the last statement is trivial since D * ≡ 2 (mod 3).
For the case D ≡ 6 (mod 9) we use Theorem 2.5. Writing out the 3-part of the theorem for the discriminant D, we see that
where the sum ranges over the cubic fields E of discriminant −D/3, and ω E (3) is equal to 2 if 3 is totally split in E, and −1 if 3 is inert in E. Therefore, if 3 is totally split in 0, 1, 2, 3, or 4 of these fields then |L 81D | is equal to −9, 0, 9, 18, or 27. Obviously we can rule out the first possibility. We first observe that |L 9D | = 9, again by Theorem 2.5. By Proposition 3.6, (3.12) 
Proof of Theorem 2.5
Theorem 2.5 follows from a more general result of Morra and the first author (Theorem 6.1 of [11] and Theorem 1.6.1 of [15] ), given above as Theorem 3.2 in our case where the base field is Q. To each character of the groups G b we use class field theory and Galois theory to uniquely associate a cubic field E. Some arithmetic involving discriminants, as well as a comparison to our earlier counting formulas, proves that these fields E range over all fields in L 3 (D). Finally, we apply Theorem 3.2 to obtain the correct Euler product for each E.
This section borrows from the first author's work in [22] , which established a particular case of Theorem 2.5 for an application to Shintani zeta functions.
4.1. Construction of the Fields E. We refer to the beginning of Section 3 for our notation and setup. The contribution of the trivial characters occurring in Theorem 3.2 being easy to compute (see below; it has also been computed in [11] ), we must handle the nontrivial characters.
We relate these characters to cubic fields by means of the following. •
Moreover, for each prime p with [11] , where c is not necessarily prime, and recall from Theorem 3.2 and Lemma 3.3 the definition of ω χ (p). Under our bijection, the following conditions are equivalent:
• χ(pc) = 1.
• The prime p splits completely in E.
• ω χ (p) = 2. If these conditions are not satisfied then p is inert in E and ω χ (p) = −1.
We have a canonical decomposition of G ′ b into four eigenspaces for the actions of τ and τ 2 , and we write
b is the direct sum of the three eigenspaces other than G b . Note that G ′′ b will contain the classes of all principal ideals generated by rational integers coprime to 3; any such class in the kernel of T will necessarily be in Cl b (L) 3 .
For any nontrivial character χ of G b , let B be its kernel, which has index 3. We extend χ to a character χ ′ of G ′ b by setting χ(G ′′ b ) = 1, and write
b and is uniquely determined by b and χ. By class field theory, there is a unique abelian extension E 1 /L for which the Artin map induces an isomorphism
, and it must be cyclic cubic, since G ′ b /B ′ is. The uniqueness forces E 1 to be Galois over Q, since the groups G ′ b and B ′ are preserved by τ and τ 2 and hence by all of Gal(L/Q). For each fixed b, we obtain a unique such field E 1 for each distinct pair of characters χ, χ, but we may obtain the same field E 1 for different values of b.
We have Gal(E 1 /Q) ≃ S 3 × C 2 : τ and τ 2 ∈ Gal(E 1 /L) both act nontrivially (elementwise) on G b and preserve B, and hence act nontrivially on G b /B and G ′ b ′ /B ′ . Under the Artin map this implies that τ and τ 2 both act nontrivially on Gal(E 1 /L) by conjugation, so that τ τ 2 commutes with Gal(E 1 /L). As τ τ 2 fixes Q( √ −3D), this implies that E 1 contains a cubic extension E/Q with quadratic resolvent Q( √ −3D), which is unique up to isomorphism. Any prime p which splits in Q( √ −3D) must either be inert or totally split in E.
We now prove that the fields E which occur in this construction are those described by the proposition. Since the quadratic resolvent of any E is Q(
with D * fundamental, we have Disc(E) = r 2 D * for some integer r divisible only by 3 and prime divisors of D * .
No prime ℓ > 3 can divide r, because ℓ 3 cannot divide the discriminant of any cubic field. Similarly 2 cannot divide r, since if 2|D then 4|D, but 16 cannot divide the discriminant of a cubic field. Therefore r must be a power of 3. Since the 3-adic valuation of a cubic field discriminant is never larger than 5, r must be 1, 3, or 9, and by Proposition 3.8 we cannot have r = 3 if 3 ∤ D * , in other words if 3 | D. It follows that E must have discriminant D * , −27D, or −243D.
We further claim that Disc(E) = −243D. To see this, we apply the formula
and bound v 3 (Disc(E 1 )). We see that v 3 (Disc(L)) = 2 (by direct computation, or by a formula similar to (4.2)). Moreover, the conductor of E 1 /L divides (3 √ −3), and therefore d(E 1 /L) divides (27). The norm of this ideal is 3 12 , and putting all of this together we see that v 3 (Disc(E 1 )) ≤ 18. 4 We have followed the notation of [11] where practical, but the notations G ′ b , G ′′ b , E, E1 are used for the first time here and do not appear in [11] .
We also have
, and in particular v 3 (Disc(E)) = 5 as desired. Therefore, in all cases E must have discriminant D * or −27D. Moreover, similar comparisons of (4.2) and (4.3) show that if b ∈ {(1), ( √ −3)}, or if b = (3) and 3|D, then E must have discriminant D * .
We have therefore associated a unique E to each pair (χ, χ) as in the proposition, and it follows from Propositions 3.6 and 3.4 that we obtain all such E in this manner.
Finally, we prove the second part of the proposition. The statements concerning ω χ (p) and χ(pc) follow from Lemma 3.3. We show the equivalence of the first and second statement.
We extend χ to a character χ ′ of G ′ b as defined previously, so that χ ′ (p) is defined and equal to 1. Therefore, χ(pc) = 1 if and only if χ ′ (c) = 1, and we must show that this is true if and only if p splits completely in E.
Suppose first that c is prime in Z L . By class field theory, χ ′ (c) = 1 if and only if c splits completely in E 1 /L, which happens if and only if (p) splits into six ideals in E 1 , which happens if and only if p splits completely in E.
Suppose now that c = pτ τ 2 (p) in L. Since p and τ τ 2 (p) represent the same element of G ′ b /B ′ they have the same Frobenius element in E 1 /L, hence since χ ′ is a cubic character it follows that χ ′ (c) = 1 if and only if χ ′ (p) = 1. By class field theory this is true if and only if p splits completely in E 1 /L, in which case (p) splits into twelve ideals in E 1 ; for this it is necessary and sufficient that p split completely in E.
4.2.
Putting it all Together. Applying Proposition 4.1 we may regard the formula of Theorem 3.2 as a sum over cubic fields. We now divide into cases 3 ∤ D and D ≡ 3, 6 (mod 9). The main terms, corresponding to the trivial characters of G b , contribute
.2. These terms have also been given in [11] and [15] . It remains to handle the contribution of the nontrivial characters. Assume first that 3 ∤ D. In this case by Theorem 3.2
and the calculations above show that
where E is the cubic field associated to χ. Each field E of discriminant D * contributes twice (each character yields the same field as its inverse) to each of the three sums above, and each field of discriminant −27D contributes twice to each of the last two. We obtain a contribution of 1 + 2 · 9 −s for each field of discriminant D * = −3D, and of 1 − 9 −s for each field of discriminant −27D. This is the assertion of the theorem. Assume now that D ≡ 3 (mod 9). Then
F ((3), χ, s)
The first two sums are over fields of discriminant D * = −D/3, and the last sum also includes fields of discriminant −27D. We obtain a contribution of 1 + 2 · 3 −s for each field of discriminant D * , and of 1 − 3 −s for each field of discriminant −27D, in accordance with the theorem. Finally, assume that that D ≡ 6 (mod 9). Then
The first three sums are over fields of discriminant D * = −D/3, and the last sum also includes fields of discriminant −27D. For the same reasons as discussed for p = 3 we have ω χ (3) = ω E (3), where E is the cubic field associated to χ.
We thus obtain a contribution of 1 + 2 · 3 −s + 3ω E (3) · 3 −2s for each field of discriminant D * , and of 1 − 3 −s for each field of discriminant −27D, in accordance with the theorem.
Numerical Examples
We present some numerical examples of our main results. Suppose first that D < 0. If (rk 3 (D), rk 3 (D * )) = (0, 0), then there are no cubic fields of discriminant D * or −27D. Theorem 2.5 naturally lends itself to counting S 3 -sextic fields, that is, fields which are Galois over Q with Galois group S 3 . For any such K with cubic and quadratic subfields K and k respectively, we have the formula
Let N ± (X; S 3 ) denote the number of S 3 -sextic fields K with 0 < ±Disc( K) < X. Then Theorem 2.5 may be used to compute N ± (X; S 3 ): iterate over fundamental discriminants D with 0 < ±D < X 1/3 ; compute the Dirichlet series Φ D (s) to f (K) < (X/D 3 ) 1/4 and evaluate its partial sums; finally, sum the results. We implemented this algorithm in PARI/GP [18] , which can easily handle the various quantities occurring in (2.2). For a list of cubic fields we relied on Belabas's cubic program [2] .
We used the GP calculator, which has the advantage of simplicity. The disadvantage of this approach is that we were obliged to read the output of cubic from disk, limiting us by available disk space. One could probably compute N ± (X; S 3 ) to at least X = 10 27 by directly implementing (2.2) within Belabas's code; alternatively, Belabas has informed us that an implementation of cubic within PARI/GP may be forthcoming. In any case we leave further computations for later.
This approach dictated a slight variant of the algorithm described above:
• We parsed Belabas's output into files readable by PARI/GP, using a Java program written for this purpose.
• Given a table of all cubic fields K with 0 < ±Disc(K) < Y for some Y , it must contain all fields in L 3 (D) with 0 < ∓Disc(K) < Y /27, allowing us to choose any X ≤ 3 −9 Y 3 .
• Processing each cubic field in turn, and ignoring those not in L 3 (D) for some fundamental discriminant D with |D| ≤ X 1/3 , we computed the associated Dirichlet series to a length of ⌊(X/D 3 ) 1/4 ⌋, and its partial sum (less the 1 2 term for f (K) = 1), and maintained a running total of the results.
• Finally, we added the main term of (2.2) for each D with 0 < ±D < X 1/3 .
Our algorithm would also allow for efficient computation of the Φ D (s), given a sorted version of Belabas's output.
The implementation posed no particular difficulties, and our PARI/GP source code is available on the second author's website.
6 On a 2.1 GHz MacBook our computation took approximately 3 hours for negative discriminants < 3 · 10 23 and 10 hours for positive discriminants < 10 23 ; it is to be expected from the shape of (2.2) that counts of negative discriminants may be computed more efficiently than positive, even though there are more of them.
